STATO0041: Stochastic Calculus

Lecture 3 - Discrete-time Martingale

Lecturer: Weichen Zhao Fall 2025

Key concepts:

e Martingale.

SRR SR R R THE, Martingale U8 [ TH:E, RAMAEE, KR
N, SR SR R SR RS MEE D T Tk R A
FFLE IR, BRI 5 OGER “B Udr, T ABLE AN R I i
FF 45— 25 BB ) SR

3.1 EHEIEEEAYE X
L. BEFCBOLR A HLIR T R R R A, B T BT

Example 3.1 (AFMEF) F & —AHEBEFED, B RIFBIATEHGZERRIZ L
KB TR AN, 6 A BT AL, &8 Bk WL RGO IEL, 4

a )l T Bnk WA
L R R T e 1)
Hiad AT E B, HE

P(n,=1)=p, Pn,=-1)=1-p=gq

® Borel &3 (e R T H—ABorek B € ZB(R), [~1(B) € BR)) fulomm2 -+ hn-1) 7
% on KW BRTIERS, AS n KEABWIEEN

fn = é-nfl + fn(an N, M2, 777n71) *Mn

=&+ ka(fo,nh?h, S k1) Tk
k=1

3-1



Lecture 3: Discrete-time Martingale 3-2

Wi AT n RIERERFMHT, n+1 RMAEBMEWINER

E[€n+1|§07 My 77771]
=E[& + far1(Eosmsm2s -3 M0) * Dt [0y M1y -+ 5 M)
=&+ fur1(Cosm, - ) Enga]

BAVA R XA By ATy, B, AT n, AREZ n+1 6 EamEaLT, R
WA AR R, HARTRAIMET X T “WRFL” 958, XA

E[§n+1|§0, L/ P 777n] = &n.

Lp=q= 30, Enu] =0, ARARBRIAT AFGEALS, 1, AR EEEREAEZ
CONTT Y,

KA T BN E X

Definition 3.2 () 4(Q, %,(%,),P), n=0,1,... AwETROBEZR, X = (X,)A
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(1) —ANZ,-% (martingale), %2R E[X,1|F] = Xy}
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Proof: X} T{L&En, HT
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Example 3.4 (%) 4(Q, .7, (Z,),P) AFETROMEZN, &(C,), n=0,1,... 5
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FTAT “mFEo” 6943 80 F BRRERICHEEHE AR F R M R%, IHFGTIE
FIBAR A 15 6 SRR (Martingale betting strategy). Bk
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